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ABSTRACT

We study one of the most basi problems in online s heduling. A sequen e of jobs has to be s heduled on m identi al
parallel ma hines so as to minimize the makespan. Whenever a new job arrives, its pro essing time is known in advan e. The job has to be s heduled immediately on one of
the ma hines without knowledge of any future jobs. In the
sixties Graham presented the famous List s heduling algorithm whi h is (2 m1 )- ompetitive. In the last ten years
deterministi online algorithms with an improved ompetitiveness have been developed. The rst algorithm with a
performan e guarantee asymptoti ally smaller than 2 was
1.986- ompetitive. The ompetitive ratio was rst improved
to 1.945 and then to 1.923 and 1.9201. Randomized ompetitive algorithms that are better than (known) deterministi
algorithms were proposed for spe i values of m, i.e. for
m 2 f2; : : : ; 7g.
In this paper we present the rst randomized online algorithm that performs better than known deterministi algorithms for general m. The algorithm is a ombination of
two deterministi s heduling strategies A1 and A2 . Initially,
when starting the s heduling pro ess, a s heduler hooses
Ai , i 2 f1; 2g, with probability 21 and then serves the entire
job sequen e using the hosen algorithm. The new randomized algorithm is 1.916- ompetitive. We prove that this performan e annot be a hieved by a deterministi algorithm
based on analysis te hniques that have been used in the literature so far: Using known te hniques (or generalizations) it
is impossible to prove a ompetitiveness smaller than 1.919
for any deterministi online algorithm. Our results stri tly
limit the performan e that an be a hieved with existing
te hniques.

Institute of Computer S ien e, Freiburg University,

Georges-Kohler-Allee 79, 79110 Freiburg, Germany. E-mail:
salbersinformatik.uni-freiburg.de. Work supported
by the Deuts he Fors hungsgemeins haft, Proje t AL 464/31, and by the European Community, Proje ts APPOL and
APPOL II.
Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
STOC’02, May 19-21, 2002, Montreal, Quebec, Canada
Copyright 2002 ACM 1-58113-495-9/02/0005 ... 5.00.

$

1. INTRODUCTION

We study one of the most basi problems in online s heduling. A job sequen e  = J1 ; : : : ; Jn has to be s heduled on
m identi al parallel ma hines. Whenever a new job Jt arrives, its pro essing time pt is known in advan e, 1  t  n.
The job has to be s heduled immediately on one of the mahines without knowledge of any future jobs. Preemption of
jobs is not allowed and any ma hine may only pro ess one
job at a time. The goal is to minimize the makespan , whi h
is the ompletion time of the last job that nishes in the
s hedule. The problem has been the subje t of extensive
resear h, see e.g. [1{13℄. Given a job sequen e , let A()
be the makespan produ ed by an online algorithm A and
let OP T () be the optimum makespan. Following [15℄ we
all a deterministi online algorithm - ompetitive if A() 
 OP T (), for all . A randomized online algorithm is ompetitive against any oblivious adversary if the expe ted
makespan satis es E[A()℄   OP T (), for all .
Previous results: Already in the sixties Graham [9℄ presented the famous List s heduling algorithm, whi h always
assigns an in oming job to the least loaded ma hine, and
proved that it is (2 m1 )- ompetitive. In the last ten years
deterministi online algorithms with an improved ompetitiveness have been developed. A (2 m1 m )- ompetitive
algorithm was given in [7℄, where m tends to 0 as m goes
to in nity. Bartal et al. [2℄ presented the rst algorithm
whose performan e guarantee is asymptoti ally smaller than
2. Their algorithm is 1.986- ompetitive. The ompetitive
ratio was rst improved to 1.945 by Karger et al. [10℄, and
then to 1.923 and 1.9201, see [1, 6℄. Lower bounds on the
performan e of deterministi online algorithms were given
in [1, 3, 5, 8, 11℄. The best bound urrently known is
due to Rudin [11℄, who showed that no deterministi online
s heduling algorithm an be better than 1.88- ompetitive.
Sin e the publi ation of the paper by Bartal et al. [2℄, there
has always been resear h interest in developing better randomized online algorithms. Bartal et al. gave a randomized algorithm for two ma hines. The algorithm is (4=3)ompetitive, and this is the best possible performan e for
m = 2. Chen et al. [4℄ and Sgall [14℄ proved that no randomized online algorithm an a hieve a ompetitiveness smaller
than 1=(1 (1 1=m)m ). This expression is equal to 4=3
if m = 2 and tends to e=(e 1) as m ! 1. Seiden [12℄
presented a randomized algorithm whose ompetitive ratio is smaller than the best known deterministi ratio for
m 2 f3; : : : ; 7g. The ompetitiveness is also smaller than the
deterministi lower bound for m = 3; 4; 5. The algorithms
by Bartal et al. and Seiden have to maintain t s hedules

when t jobs have been s heduled. Seiden [13℄ modi ed his
algorithm so that it maintains a onstant number of s hedules. However, the onstant is large, i.e. it is equal to 2048,
and the ompetitive ratio is worse, for m  4.
Our ontribution: In this paper we present the rst randomized online algorithm that performs better than known
deterministi algorithms for general m. Our new algorithm,
alled Rand , is a ombination of two deterministi algorithms A1 and A2 . Initially, when starting the s heduling
pro ess, Rand hooses Ai , i 2 f1; 2g, with probability 12
and then serves the entire job sequen e using the hosen algorithm. At most two s hedules have to be maintained at
any time. Algorithm A1 is a onservative strategy that tries
to maintain s hedules with a low makespan. On the other
hand, A2 is an aggressive strategy that aims at generating
s hedules with a high makespan. We prove, as the main
result of this paper, that the ombined algorithm Rand is
1.916- ompetitive.
The improvement over deterministi algorithms may seem
small. We show, however, that a ompetitiveness of 1.916
annot be proven for a deterministi algorithm based on the
analysis te hniques that have been used in the literature so
far. All the previous analyses of online algorithms only use
the following three lower bounds on the optimum makespan.
(a) The total amount of pro essing in a given job sequen e
divided by m. (b) The largest pro essing time of any job in
 . ( ) Twi e the (m +1)-st largest pro essing time in  . We
show that using only these three lower bounds on the optimum makespan, it is impossible to prove a ompetitiveness
smaller than 1.919 on the performan e of any deterministi
online algorithm. In fa t we prove a stronger statement: Using only the information (1) \The total amount of pro essing in a job sequen e divided by m" and (2) \The pro essing
times of the m +1 largest jobs in " it is impossible to prove
a ompetitive ratio smaller than 1.919. In addition to (1)
and (2) an analysis ould onsider the pro essing times of
the (im + 1)-st largest jobs, for i = 1; : : : ; b(n 1)=m . We
show that this does not help mu h either; it is impossible to
prove a ompetitiveness smaller than 1.917. These results
stri tly limit the performan e of deterministi algorithms
that an be a hieved using known te hniques.
Ideas of this paper: The algorithm Rand uses a number of new ideas, the most important feature being that two
algorithms A1 and A2 oordinate their s heduling de isions.
In ea h s heduling step, the aggressive algorithm A2 has to
take into a ount its own s hedule, the onservative algorithm's s hedule as well as future s hedules that an evolve
from the urrent on guration. The maximum makespan
that A2 an a ord depends on this on guration.
The previous analyses of randomized online s heduling
algorithms for m 2 f2; : : : ; 7g are heavily based on the fa t
that if the expe ted makespan is high, a onsiderable fra tion of the total load in the system resides on the ma hine
with the highest load. This approa h does not work for
general m. Our main ontribution in the analysis is that
we simultaneously keep tra k of the s hedules maintained
by A1 and A2 . On job sequen es onsisting of small and
medium size jobs, Rand 's expe ted makespan is small. If
Rand 's makespan is high, many large jobs must have been
s heduled. To identify large jobs, whi h is essential for proving a ompetitiveness below 2 m1 , we have to analyze the
ombined load ve tors of A1 's and A2 's ma hines at various
points in the s heduling pro ess. Our analysis is quite in-

volved but, unlike some previous analyses, does not rely on
omputer proofs.
In our lower bound proofs we onstru t nemesis sequen es
where the number of di erent job sizes grows with m. Previous lower bound onstru tions worked with a bounded number of sizes.
Organization of the paper: We rst present the lower
bounds in Se tion 2 and then on entrate on the development of the randomized online algorithm, whi h is more involved. A des ription of the algorithm is given in Se tion 3.
A detailed analysis follows in Se tion 4.
2. LOWER BOUNDS

Several online s heduling algorithms have been proposed
in the literature [1, 2, 6, 7, 9, 10, 12℄. To evaluate the ompetitiveness of these algorithms, one has to determine lower
bounds on the makespan produ ed by an optimal oine algorithm. So far, all the analyses are based on the following
three lower bounds (a{ ) on the optimum makespan. Let
 = J1 ; : : : ; Jn be a given job sequen e and let pt be the
pro essing
P time of the t-th job, 1  t  n.
(a) m1 nt=1 pt
(b) max1tn pt
( ) Twi e the pro essing time of the (m + 1)-st largest job
in .
Theorem 1 implies that using only these three lower bounds
on the optimum makespan, it is impossible to prove a ompetitiveness smaller than 1.919 on the performan e of any
deterministi online algorithm. In fa t Theorem 1 is more
general. Suppose that we use the following information to
derive P
lower bounds on the optimum makespan.
(1) m1 nt=1 pt
(2) The pro essing times of the m + 1 largest jobs in .
Information (2) is more general than (b) and ( ) as it ontains, in parti ular, the largest and (m + 1)-st largest proessing times and an be used to derive additional lower
bounds on the optimum makespan.
Theorem 1. Let A be a deterministi online s heduling
algorithm. Using only information (1) and (2) to derive
lower bounds on the optimum makespan, it is impossible to
prove a ompetitive ratio smaller than 1.919 on A's performan e.

Proof. We prove the theorem as m ! 1. Given a job
sequen e , what are the strongest lower bounds on the
optimum makespan we an derive from (1) and (2)? In
addition to the lower bounds given in (a) and (b), whi h
we will refer to as B1 and B2 respe tively,
the strongest
additional bound that follows from (2) is B3 : The sum of the
pro essing times of the m-th and the (m +1)-st largest jobs.
This bound is stronger than ( ). To establish the theorem,
we will show that there exist job sequen es  for whi h A's
makespan is at least 1:919 maxfB1 ; B2 ; B3 g. An adversary
onstru ts a nemesis job sequen e in phases. In ea h of
the rst three phases m jobs are presented. Algorithm A
will have to s hedule the jobs in ea h phase on di erent
ma hines. In a fourth phase one large job is generated su h
that A's makespan for the onstru ted sequen es  is at least
1:919  maxfB1 ; B2 ; B3 g.
Phase 1: The adversary rst presents m jobs with a proessing time of p = 0:05 ea h. Algorithm A has to s hedule

these jobs on di erent ma hines sin e otherwise its ompetitive ratio would be 2.
Phase 2: The adversary rst presents b0:975m jobs, ea h
with a pro essing time of q = 0:369. While these jobs are being s heduled, B 1  L1 =m, where L1 = mp + b0:975m q <
0:41m is the total pro essing time of all the
jobs after the
q -jobs have been presented. Moreover, B 2 = q and B 3 =
2p < B 2 . Here B 1 ; B 2 and B 3 denote the urrent lower
bounds for the pre x of  seen so far; we omit the subs ript . The online algorithm has to assign the q-jobs
to di erent ma hines. Otherwise1 its 2makespan would be
p + 2q = 0:419 + q > 1:919 maxfB ; B g. At this point any
ma hine ontaining a q-job has a load of 0.419.
The adversary then generates m b0:975m = d0:025me
jobs with a pro essing time of q0 = 0:39. During the s heduling of these jobs, B 1  L2 =m, where L2 = L1 + d0:025meq0
is the total load in the system at the end of the phase, and
this value is at least 0:419m and upper bounded2 by 00:42m
as m ! 1. For the other bounds we have B = q and
B 3  p + q . The online algorithm has to s hedule the q 0 jobs on di erent ma hines whi h do not already have a q-job.
Otherwise the1 makespan
would be p + q + q0 = 0:419 + q0 >
2
3
1:919 maxfB ; B ; B g. At the end of this phase ea h mahine in A's s hedule was assigned two jobs and has a load
of at least 0.419.
Phase 3: De ne m3 = b(1 + 2  0:919)m=1:919 2L2 ) and
m03 = m m3 . As m ! 1 we have m3 < 0:64m. The adversary rst reates m3 jobs with a pro essing time of r = 0:5
ea h. While these jobs are being s heduled B 3 = 2q = 0:738
and B 1  L3 =m, where L3 = L2 + m3 r is the sum of the
pro essing times when all the 2r-jobs are s heduled.
We have
L3  1:419m=1:919. Also B = 0:5 < B 3 . Algorithm A
must s hedule the r-jobs on di erent ma hines sin e otherwise the makespan would be at least 0:419 + 2r = 1:419 
1:919 maxfB 1 ; B 3 g.
In ea h of the following m03 steps the adversary generates
a job whose pro essing time is so large that an assignment
of the job to a ma hine ontaining an r-job would result in
a makespan that is at least 1.919 times the urrent value
of B 1 . Consider the t-th step, 1  t  m03 , and let lt 1
be the total pro essing time of all the jobs s heduled up to
that step. The adversary generates a job whose pro essing
time rt0 satis es 0:919 + rt0  1:919(lt 1 + rt0 )=m, i.e. rt0 =
( 1:m919 lt 1 0:919)=(1 1:m919 ). We rst analyze the sum
of the pro essing times when all the r0 -jobs are s heduled
and then show that at any time B 1  B 2 and B 1  B 3 .
This proves that the r0 -jobs must be s heduled on di erent
ma hines and annot be assigned to ma hines ontaining
m
any r-job. We show indu tively that lt = (L3
)(1
t
0
m
)
+
;
where
=
1
:
919
and
=
1.
The
equation
m
is satis ed for t = 0. Suppose it holds for t 1. Then
0

0

lt = lt 1 + rt0 = (lt 1 0 )=(1 m )
= (L3 m )(1 m ) t + m =(1 m ) 0 =(1 m )
= (L3 m )(1 m ) t + m :
Thus, when all the r0 -jobs are s heduled, the total pro essing
0

0

0

0

time of all the jobs is

L4 = (L3
 (L3

0
0

)(1 m ) m3 +
m
)e m3 =m + m :
0

m

0

0

0

m

As m ! 1 we nd L4 < 0:999m. The pro essing times of
the r0 -jobs are in reasing, the rst job having a size of at
least 0:5 be ause
r10 = ( 1:m919 L3 0:919)=(1 1:m919 )
= ( 1:m919 (L2 + 0:5m3 ) 0:919)=(1 1:m919 )
 ( 1:m919 (L2 + 0:5((1 + 2  0:919)m=1:919 2L2 1))
0:919)=(1 1:m919 )
= 0:5:
Thus, for the proof that0 at any step B 1 0 B 2 , it is suÆ ient
to show that (lt 1 +0rt)=m = lt=m  rt. This is equivalent
to showing (lt 1 )=m  ( m lt 1 0 ), whi h in turn is
equivalent to (1 1=m)  lt 1 =m. Sin e lt 1  L4 , this
holds as m ! 1. We still have to argue that at any step
B 1  B 3 . While the rst m03 d0:025me 1 r0 -jobs are
s heduled, B 3  2q = 0:738 < L3 =m  B 1 be ause 0L3 >
0:739m as m ! 1. When the last d0:025me + 1 r -jobs
are s heduled, B 3  q0 + r = 0:89, whereas B 1  (L2 +
(b0:975m 1)r)=m > 0:9 as m ! 1. At the end of the
phase ea h ma hine has a load of at least 0:919.
Phase 4: The adversary presents a nal job with a pro essing time of 1. The online algorithm has a makespan of 1.919.
We have B 1  1 as m ! 1 and1 B 22 = 3B 3 = 1. Thus the
online makespan is 1:919 maxfB ; B ; B g.
What happens if, in addition to (2), we onsider a larger
set of jobs? A generalization of the lower bound ( ) on page 2
is (d) (i + 1) times the pro essing time of the (im + 1)-st
largest job in , for i = 2; : : : ; b(n 1)=m . We onsider
again a generalized set of information.
(3) The pro essing times of the (im i +1)-st to (im +1)-st
largest jobs in , for i = 2; : : : ; b(n 1)=m .
We show that even with this additional information it is
impossible to prove onsiderably better ompetitive ratios.
The proof of the following theorem is omitted is this extended abstra t.
Theorem 2. Let A be a deterministi online s heduling
algorithm. Using only information (1{3) to derive lower
bounds on the optimum makespan, it is impossible to prove
a ompetitive ratio smaller than 1.917 on A's performan e.

3. THE RANDOMIZED ONLINE
ALGORITHM

Our new randomized algorithm, alled Rand , is a ombination of two deterministi algorithms A1 and A2 . Initially,
when starting the s heduling pro ess, Rand hooses A1 with
probability q and A2 with probability 1 q, where q = 1=2,
and then serves the entire job sequen e using the hosen algorithm. The two algorithms omplement ea h other. On
sequen es for whi h A1 has a high makespan, A2 's makespan
is low, and vi e versa. At any time both algorithms keep a
list of their ma hines sorted in non-de reasing order by urrent load. The load of a ma hine is the sum of the pro essing
times of the jobs already assigned to it. Consider a job sequen e  = J1 ; : : : ; Jn andt let pt be the pro essing time of
job Jt , 1  t  n. Let Mi;j be the ma hine with the j -th
smallest load in the s hedule maintained by Ai after t jobs
have been s heduled, i = 1; 2 and j = 1; : : : ; m. Thus Mi;t 1
t
are the ma hines with the smallest load and Mi;m
are the

ma hines with the largest load. For simpli ity, we also refer to the ma hines witht the j -th smallest load
as the j -th
t
smallest ma hines . Let li;j be the load of Mi;j
. Let Lt the
sum of the pro essing times of the rst t jobs in , i.e. Lt is
the sum of the loads on the ma hines in one of the s hedules
after t jobs have been assigned.
Algorithm Ai , i 2 f1; 2g, tries to keep ki ma hines lightly
loaded and m ki ma hinest heavily loaded, where k1 =
d 259 me and k2 = d 83 me. Let i be the average
on the ki
P i ltload
.
Algorithm
smallest ma hines of Ai , i.e. ti = k1i kj=1
i;j
Ai always tries to maintain a s hedule in whi h ti is bounded
by i times the load on the (2ki + 1)-st smallest ma hine,
where 1 and 2 are spe i onstants needed in the analysis
of the algorithms, i.e. 1 = 1 (k1 b0:074m )=(2  0:916k1 )
and 2 = t0:409=0t :909. Formally the algorithms want to
maintain i  i li;2ki +1 . In some ases, when several large
jobs arrive, it is impossible to maintain the invariant. A
s hedule is alled riti al if ti > i li;t 2ki +1 .
Algorithm Ai, i 2 f1; 2g, always s hedules an in oming
job either on the ma hine with the smallest load or on the
ma hine with the (ki + 1)-st smallest load. An algorithm
only onsiders s heduling a job on the (ki + 1)-st smallest
ma hine if its s hedule is riti al. Algorithm A2 , whi h we
des ribe in detail below, is aggressive. Loosely speaking,
it assigns a job Jt to the (k2 + 1)-st smallest ma hine if
the resulting makespan is bounded by 2 Lt =m, where 2 =
2. On the other hand A1 is onservative; it only s hedules
a job on the (k1 + 1)-stt smallest ma hine if the resulting
makspan is at most 1 L =m, where 1 = 1:832. Note that
q 1 Lt =m + (1 q ) 2 Lt =m = 1:916Lt =m, whi h is at most
1.916 times the optimum makespan.
9
Algorithm A1 : Set 1 := 1:832, k1 := d 25
me and 1 :=
1 (k1 b0:074m )=(2  0:916k1 ).
S hedule a new job Jt on the ma hine with the (k1 +1)-st
smallest load if the s hedule is riti al and l1t ;k11 +1 + pt 
t
1 L =m. Otherwise s hedule Jt on the ma hine with the
smallest load.
In some situations A2 annot a ord a makespan of 2 Lt =m.
Suppose that A1 's s hedule is riti al and that all the mahines have approximately the same load. Then a newly
arriving job an fort e a hight makespan in A1 's s hedule.
A makespan of 2 L =m
=P2L =m in A2 's s hedule is then
too expensive. Let t1 = mj=k1 +1 l1t ;j be the total load on
ma hines M1t;k1 +1 ; : : : ; M1t;m . We say that A1 's s hedule is
balan ed if the total load on the k1 smallest ma hines is
at least ( 1 1) km1 Lt , or equivalently, if t1  Lt where
:= 1 ( 1 1) km1 .
To nd out if A1 's s hedule is balan ed, algorithm A2
always keeps tra k of the s hedule that A1 would have reated. If A1 's s hedule is indeed balan ed, A2 only pla es a
new job on the (k2 + 1)-st smallest ma hine if the resulting makespan
does not ex eed maxf 02 Lt =m; 2 1 t1 =mg,
where 02 = 1:885. As we shall show in the later analysis
(see Se tion 4.1), this onstraint ensures that the expe ted
makespan of Rand is always bounded by 1.916 times the
optimum makespan.
Algorithm A2 : Set 2 := 2, 02 := 1:885, k2 := d 38 me,
:= 1 ( 1 1) km1 .
2 := 0:409=0:909 and
At any time the algorithm keeps tra k of the s hedule
that A1 would have onstru ted. When a new job Jt arrives, onsider A1 's s hedule after Jt was pro essed by A1 .

If A1 's s hedule is balan ed, then set := maxf 02 Lt =m;
1 t
1 =mg. Otherwise set := 2 Lt =m. S hedule Jt on
2
the ma hine with the
(k2 +1)-st smallest load if the s hedule is riti al and l1t ;k12 +1 + pt  . Otherwise s hedule Jt
on the ma hine with the smallest load.
The main algorithm works as follows.
Algorithm Rand: Given a job sequen e  , with probability q = 1=2 exe ute A1 and with probability 1 q
exe ute A2 .
Theorem 3. The algorithm Rand is 1.916- ompetitive as

m ! 1.

The algorithm Rand with its omponents A1 and A2 depends on various parameters, all of whi h have been optimized. To obtain a small ompetitive ratio, 1 should be
hosen as small as possible. However, if 1 is below 1.832,
we are not able to always identify large jobs in the input sequen e when the s hedules are riti al; this is ru ial in the
analysis. In parti ular, k1 and 1 are hosen so that we an
identify large jobs in A1 'st s hedule when Rand 's expe ted
makespan is above 1:916L =m but A2 's makespan is low and
its s hedule annot be used to identify large jobs. It turns
out that by setting the probability q to a value slightly above
1=2, we are able to improve the ompetitive ratio. However
the improvement is minor and the modi ed algorithm does
not a hieve a ompetitive ratio of at most 1.915. Sin e we
de ided to optimize up to a value of 1=1000, we work with
q = 1=2.
4. THE ANALYSIS OF THE ALGORITHM
4.1 Analysis of the makespan

We prove Theorem 3 by indu tion on the number n of
jobs to be s heduled. Obviously, the theorem holds for job
sequen es onsisting of only n = 1 job. Suppose that it
holds for sequen es of length n 1 and onsider any sequen e
 = J1 ; : : : ; Jn . We have to prove
E[Rand()℄ = qA1 () + (1 q)A2 ()
= ql1n;m + (1 q)l2n;m
 1:916  OP T ():
(1)
n
Let L = L be the total load of all the jobs in .
We rst note that if A2 s hedules some job Jt on the
ma hine
with the (k2 +1)-st smallest load, then the resulting
load l2t ;k12 +1 + pt is bounded by 2 Lt =m. This is obvious
if in the s heduling step = 2 Lt =m or = 02 Lt =m. If
= 2 1 t1 =m, then t1  Lt be ause A1 's s hedule is
balan ed at time t. Hen e  2 1 Lt =m =n 2 Lt =m.
If at time n the makespan of A1 satis es l1;m  1 L=m,
then (1) follows easily: If l2n;m  2 L=m, then E[Rand()℄ 
q 1 L=m +(1 q ) 2 L=m = 0:5(1:832+2)L=m = 1:916L=m 
1:916  OP T (). On the other hand, if l2n;m = ( 2 + Æ)L=m,
for some Æ > 0, then by the arguments given in the previous
paragraph, the last job assigned to ma hine M2n;m was s heduled on the least loaded ma hine at the time of the assignment and its pro essing time is at least ( 2 + Æ)L=m L=m =
(1 + Æ)L=m be ause the least loaded ma hine always has a
load of at most L=m. Thus E[Rand()℄  q 1 L=m + (1
q )( 2 + Æ )L=m  1:916(1 + Æ )L=m  1:916 max1tn pt 
1:916  OP T ().

In the following we assume that the makespan of A1 satis nes l1n;m > 1 L=m, whi h implies that the last job on
M1;m was s heduled on the least loaded ma hine at the
time of the
assignment. If the load on the smallest mahine is l1n;n1  ( 1 1)L=m, then the analysis is again simple. Let l1;m = ( 1 + Æ1 )L=m, for some Æ1 > 0. The last
job on M1n;m has a pro essing time of at least (1 + Æ1 )L=m.
If l2n;m  2 L=m, then E[Rand()℄  1:n916(1 + Æ1 )L=m 
1:916 max1tn pt  1:916  OP T (). If l2;m = ( 2 + Æ2 )L=m,
for some Æ2 > 0, then the last job on M2n;m has a pro essing time of at least (1 + Æ2 )L=m. We have E[Rand()℄ 
1:916 maxf(1 + Æ1 ); (1 + Æ2 )gL=m  1:916 max1tn pt 
1:916  OP T ().
Therefore we an restri t ourselves to l1n;1 > ( 1 1)L=m.
There are two ases to onsider. (1) The last job of M2n;m
was s heduled on the (k2 +1)-st smallest ma hine at the time
of the assignment. This ase is analyzed in Se tion 4.1.1.
(2) The last job of M2n;m was s heduled on the smallest mahine at the time of the assignment. This ase is analyzed
in Se tion 4.1.2.
4.1.1 The last job on M2n;m was scheduled on the (k2 +
1)-st smallest machine
Suppose that the last job on M2n;m was st heduled at
time t
and that in this s heduling step 2 f 2 L =m; 2 1 t1 =mg,
whi h means that the load l2n;m is bounded by that value of
. If = 2 Lt =m, then A1 's s hedule was not balan ed, i.e.
t1  Lt , and thus  2 1 t1 =m. Sin e the 1 -values
annot de rease over time, l2n;m  2 1 n1 =m. We estimate
a ombination of the load on the smallest ma hine in A1 's
s hedule and the largest ma hine in A2 's s hedule. We have
ql1n;1 + (1 q )l2n;m  q (L n1 )=k1 + (1 q ) 2 1 n1 =m
be ause l1n;1 annot be larger than the average load on the
k1 smallest ma hines. In the last expression the total fa tor
ofn t1 , whi h is q=k1 + (1 qn) 2 1 =m, is positive. Sin e
l1;1 > ( 1 1)L=m, we have 1  L and hen e
ql1n;1 + (1 q )l2n;m  q (L (1 ( 1 1)(k1 =m))L)=k1
+(1 q) 2 L=m
= q( 1 1)L=m + (1 q) 2 L=m
= 1:916L=m qL=m:
If E[Rand()℄ = (1:916+ Æ)L=m, for some stri tlyn positive Æ,
then the pro essing time ps of the last job on M1;m satis es
ps  (1=q )((1:916 + Æ )L=m ((1 q )l2n;m + ql1n;1 ))
 (1=q)((1:916 + Æ)L=m (1:916L=m qL=m))
= (1 + Æ=q)L=m = (1 + 2Æ)L=m
and (1) is established be ause OP T ()  (1 + 2Æ)L=m.
We still have to onsider the ase that
when the last job
on M2n;m was assigned
at
time
t, = 02 Lt =m. Let 01 = 1:947
and note that q 01 +(1 q) 02 = 1.916.
If l1n;m = ( 01 + Æ)L=m,
n
for some Æ > 0, the last job on M1;m was s heduled on the
least loaded ma hine at that time. The expe ted makespan
by Rand is E[Rand()℄ = (1:916 + Æ=2)L=m. We study the
load of that ma hine immediately before0 the assignment of
that job. If the load was bounded by ( 1 1)L=m, then we
have again identi ed a job of size at least (1 + Æ)L=m and
(1) holds again. For the analysis of the ase that the load
was larger than ( 01 1)L=m, we need the following lemma,
whi h holds for both A1 and A2 . The proof is omitted.

Lemma

1.

If at any time the least loaded ma hine of Ai ,

2 f1; 2g, has a load of at least (0:947 + ) mL , for some 
with 0    0:053, then the job sequen e s heduled so far

i

ontains m jobs with a pro essing time of at least
0:5
) mL .
0:916

(0:5 +

Obviously, the last job on M1n;m has pro essing time of at
:5
least ( 1 1)L=m  (0:5 + 0:0916
)L=m for all  2 [0; 0:053℄.
Thus, if the least loaded ma hine of A1 before the assignment of that job has a load of ( 01 1 + )L=m, then using
Lemma 1 we have identi ed m +1 jobs of size at least (0:5+
0:5
)L=m, two of whi h must be s heduled on the same
0:916
ma hine in OPT's s hedule. Hen e OP T ()  maxf1 +
Æ ; 1 + =0:916gL=m  E[Rand( )℄=1:916; for all possible
values of  2 [0; 0:053℄.
4.1.2 The last job on M2n;m was scheduled on the
smallest machine

We are left with analyzing the s enario that the last jobs
on the largest ma hines M1n;m and M2n;m were s heduled on
the smallest ma hines at the time of the assignment. Consider the last job Jn . We assume that its assignment hanges
the makespan in A1 's or in A2 's s hedule sin e otherwise (1)
follows from the indu tion hypothesis. Thus, Jn is s heduled on the smallest ma hine in one of the s hedules. We
n
assume li;m
> 1 L=m, i = 1; 2, sin e otherwise there is nothing to show. Thus Jn has a large pro essing time of at least
pn  ( 1 1)L=m.
Let l1n;1 1 and l2n;1 1 be the loads of the smallest ma hines
immediately before the assignment
of Jn . If the expe ted
load on the smallest ma hine is ql1n;1 1 +(1 q)l2n;1 1  0:916 mL ,
then (1) is easy to prove. If the makespan of Ai 's s hedule
n
satis es li;m
 li;n1 1 + L=m, then E[Rand()℄  1:916L=m 
n
1:916  OP T (). If li;m
= li;n1 1 + L=m + Æi L=m, for some i
and positive Æi , then  ontains a job of size (1 + Æ)L=m,
where Æ = maxi=1;2 Æi and E[Rand()℄  (1:916 + Æ)L=m 
1:916 max1tn pt  OP T ().
If the expe ted load on the smallest ma hine is greater
than 0:916L=m, then one of the loads must be greater than
0:916L=m. We distinguish two ases, depending on whi h
of the two loads is higher.
Case 1: l2n;1 1  l1n;1 1 and l2n;1 1 > 0:916L=m.
Case 2: l1n;1 1 > l2n;1 1 and l1n;1 1 > 0:916L=m.
Analysis of Case 1: Let l2n;1 1 = (0:916 + )L=m, for
some 0 <   0:084, and l1n;1 1 > (0:916 )L=m. The next
lemma, whi h we will prove in Se tion 4.3, is ru ial.
Main Lemma 1. Let 0    0:084. If at time n
1 the
least loaded ma hines of A1 and A2 satisfy l2n;1 1 = (0:916 +
) mL and l1n;1 1  maxf0:916 ; 0:885g mL , then the job sequen e J1 ; : : : ; Jn 1 ontains m jobs with a pro essing time
:5
of at least (0:5 + 0:0916
) mL .

If l1n;1 1  0:885L=m, then Main Lemma 1 and the fa t that
pn  0:832L=m imply that  ontains m +1 jobs with a pron
:5
)L=m. Let Æ = maxi=1;2 f0; (li;m
essing time of (0:5+ 0:0916
n 1
L=m)=(m=L)g. Then E[Rand( )℄  (1:916 +  +
li;1
Æ )L=m  1:916 maxf1+=0:916; 1+Æ gL=m  1:916OP T ( ).
If l1n;1 1 < 0:885L=m, then  > 0:916 0:885 = 0:031
and E[Rand()℄  (1:916 + (1 q)( 0:031) + Æ)L=m <
(1:916 +  + Æ)L=m, with  :=  0:031 and the same definition of Æ as before. Using Lemma 1, we obtain that
 ontains m + 1 jobs with a pro essing time of at least

:5
(0:5+ 00:916
)L=m and hen e OP T ( )  maxf1+ =0:916; 1+
Æ gL=m  E[Rand( )℄=1:916.
Analysis of Case 2: Let l1n;1 1 = (0:916+)L=m, for some
0 <   0:084, and let l2n;1 1 > (0:916 )L=m. We need the

following lemma whose proof we sket h in Se tion 4.4.
0
Main Lemma 2. Let 0    0:084, 0    minf0:084+
; 0:115g. If at time n 1 the least loaded ma hines of A1 and
A2 satisfy l1n;1 1 = (0:916 + ) mL and l2n;1 1  (maxf0:916
; 0:885g + 0 ) mL , then the sequen e J1 ; : : : ; Jn 1 ontains m
:5
minf; 0 g) mL .
jobs with a pro essing time of at least (0:5+ 0:0916
We rst assume 0 <   0:031. Suppose that l2n;1 1 =
(0:916  + 0 )L=m, for some 0 > 0. Note that 0 < 2 beause l1n;1 1 > l2n;1 1 . Set  = minf; 0 g and de ne Æ as in the
analysis of Case 1. Then E[Rand()℄  (1:916 + (1 q)0 +
Æ )L=m < (1:916 +  + Æ )L=m and Main Lemma 2 ensures
that OP T ()  maxf1 + =0:916; 1 + ÆgL=m. Equation (1)
follows.
Now suppose that  > 0:031 and l2n;1 1 = (0:885 + 0 )L=m.
Ifn 1  0 ,n then
E[Rand()℄  (1:916 +  + Æ)L=m be ause
l1;1 > l2;1 1 and Main Lemma 2 ensures that OP T ( ) 
maxf1 + =0:916; 1 + ÆgL=m. If  > 0 , then E[Rand()℄ 
(1:916 + q( 0:031) + (1 q)0 + Æ)L=m  (1:916 +  +
Æ )L=m, with  = maxf 0:031; 0 g. Main Lemma 2 ensures
:5 0
 )L=m and
the existen e of m + 1 jobs of size (0:5 + 0:0916
Lemma 1 ensures the existen e of m + 1 jobs of size (0:5 +
0:5
( 0:031))L=m. Thus OP T ()  maxf1+ =0:916; 1+
0:916
Æ gL=m. The nal ase  > 0:031 and l2n;1 1 < 0:885L=m an
be handled in the same way as in Case 1.
4.2 Basic properties and concepts

It remains to prove Main Lemmas 1 and 2. This se tion
presents important statements and on epts needed in both
of the proofs. The proofs of the lemmas are given in the
appendix. In Main Lemmas 1 and 2 we have to investigate
job sequen es  = J1 ; : : : ; Jn leading to one of the following
s enarios.
(S1) At time n 1 the least loaded ma hines of A1 and A2
satisfy l2n;1 1 = (0:916+)L=m and l1n;1 1  maxf0:916
; 0:885gL=m , for some  with 0    0:084.
(S2) At timenn 1 1 the least loaded ma nhines
of A1 and A2
satisfy l1;1 = (0:916+)L=m and l2;1 1  (maxf0:916
; 0:885g + 0 )L=m, for some  and 0 with 0   
0:084 and 0  0  minf0:084 + ; 0:115g
Given a job sequen e leading to (S1), at a any time t,
1  t  n 1, a ma hine of A2 is alled full if its load
is at least (0:916 + ) mL . A ma hine of A1 is full its load
its load is at least maxf0:916 ; 0:885g mL . For sequen es
leading to (S2), the de nition is similar. A ma hine of A1 is
full if its load is at least (0:916 + ) mL , and a ma hine of A2
is full if the load is at least (maxf0:916 ; 0:885g + 0 ) mL .
The following lemma implies that the job sequen es to be
investigated generate riti al s hedules.
Lemma 2. If the least loaded ma hine of Ai , i 2 f1; 2g,
has a load of at least 0:832L=m, then Ai 's s hedule is ritial. For i = 1, A1 's s hedule is also balan ed.
In a job sequen e leading to (S1) or (S2), let ti , i 2 f1; 2g,
be the rst point in time su h that at least m ki ma hines

of Ai are full and the s hedule of Ai is riti al throughout
the time interval
[ti ; n 1℄. Let tb be the rst point in time
b
with t2  t  n 1 su h that A1 's s hedule was balan ed
at time tb .
In our analyses we will often have to analyze the total load
all the ma hines at some time t > ti . We present a general
lemma that will be helpful in estimating that load. Given a
s hedule of Ai , i 2 f1; 2g, in whi h the (ki + 1)-st smallest
ma hine has a load of at least b, de ne Li (l; b) as the total
load on all ma hines ex ept for the load in ex ess to level b
on ma hines ki + 1; : : : ; ki + l. Figure 1 shows an example;
Li (l; b) is shaded grey. On our analyses will use part a)
of the lemma for the algorithm A2 with B = 02 1 t1 =m.
Part b) of the lemma will 0be used for A1 with = 1 and
for A2 with = 2 or = 2 .
b

m

ki

+l

ki

1
ma hines

Figure 1: The load ounted in Li (l; b)
Lemma 3. Consider Ai 's s hedule at time t  ti and assume that exa tly m j ma hines are full.

a) Suppose that in the next s heduling step, a job annot be
pla ed in the (ki +1)-st smallest ma hine if the resulting
load ex eeds B . Then when m j +1 ma hines are full,
Li (l 1; b) > Li (l; b) + B b, for any 1  l  m ki .
b) Suppose that in the next s heduling steps, a job annot be pla ed on the (ki + 1)-st smallest ma hine if
the resulting load ex eeds times the average load on
the ma hines. If Li (l; b) > X , 1  l  m ki , then
when exa tly m j + h ma hines are full Li (l h; b) >
(X bm= )(1 =m) h + bm= .
Lemma

least m

4.

In job sequen es leading to (S1) or (S2) at

k1 ma hines of A1 are full at time tb .

Lemma 5. Consider a job sequen e leading to (S1) or
(S2) at some time t with t > t2 . If A2 annot s hedule
Jt on the ma hine with the (k2 + 1)-st smallest load, then
:5
pt  (0:5 + 0:0916
) mL , where  =  for sequen es leading
0
to (S1) and  =  for sequen es leading to (S2).

4.3 Proof of Main Lemma 1

We show that ea h time a ma hine of A2 be omes full,
a job of size at least (0:5 + 0:5=0:916)L=m is s heduled.
Sin e m ma hines are full at time n 1, Main Lemma 1
follows. First onsider any time t > t2 . There are at least
m k2 full ma hines and hen e another full ma hine an
only be reated by s heduling a job on the smallest ma hine.
Lemma 5 ensures that the size of the job is at least (0:5 +
0:5=0:916)L=m. Next we onsider any time t, 1  t  t2 ,
and show that whenever another ma hine be omes full, the

job is s heduled on a ma hine whose load is smaller than
2 (0:916 + )L=m. Thus the size of the job is pt > (0:916 +
)L=m 2 (0:916 + )L=m > (0:5 + 0:5=0:916)L=m:
Lemma 6. At time t2 the average load on the non-full
ma hines of A2 is smaller than 2 (0:916 + )L=m.
We rst nish the proof of Main Lemma 1 and then prove
Lemma 6. Let t0 , t0  t2 , be the last point00 in 00time when
exa tly m k2 ma hines are full and let t , t  t0 , be
the last point in time when exa tly m 2k2 ma hines are
full. At any time t, t0 < t  t2 , a full ma hine an only
be generated by s heduling a job on the smallest ma hine.
Lemma 6 ensures that
its load is bounded by 2 (0:916 +
)L=m. At time t, t00  t  t0 , the s hedule is not riti al
be ause l2t ;2k2 +1  (0:916 + )L=m and, by Lemma 6, the
average load on the k2 smallest ma hines is bounded by 2
times this value. Thus jobs are
always s heduled on the
smallest ma hine. At time t00 the load on the (k2 + 1)st smallest ma hine annot be larger than the load on the
smallest ma hine at time t0 , whi h is at00 most 2 (0:916 +
)L=m. Thus at any time t, 1  t  t , both ma hines a
job an be assigned to have a low load.
The rest of this se tion is devoted to proving Lemma 6.
The proof is by ontradi tion. We assume that at time t2 the
average load on the non-full ma hine is at least 2 (0:916 +
)L=m and show that this would imply a load of at least
L at time n 1. This is a ontradi tion be ause at time n
another job with non-zero pro essing time is presented and
hen e Ln 1 < Ln = L.
Let b1 () = maxf0:916 ; 0:885gL=m and b2 () = (0:916+
)L=m. We de ne several load values L1 (); L2 (); L3 () and
L4 (). Essentially, L1 () is the minimum load in the system
at time t2 : At least m k2 ma hines are full and by assumption the average load on the non-full ma hines is at
least 2 (0:916 + )L=m. Thus the total load is at least
(m k2 )b2 () + k2 2 b2 () = b2 ()m(1 + ( 2 1)k2 =m). The
value L2 () is the minimum load in the system when A1
has a balan ed s hedule. By Lemma 4 at least m k1 mahines of A1 are full; thus the total load is at least L2 () =
(m k1 )b1 () 1 . We set L3 () = ( 2 = 02 )L2 (). Intuitively, this is the load at whi h the value of hanges in
the s heduling pro ess. While the load 1int the system is
smaller0 than
L3 (), the value = 2 1 =m dominates
= 2 Lt =m. Afterwards the latter value dominates. Finally, we set L4 () = L. This is the nal value we want to
rea h.
L1 () = b2 ()m(1 + ( 2 1)k2 =m)
L2 () = (m k1 )b1 () 1
L3 () = ( 2 = 02 )L1 ()
L4 () = L
Moreover, we de ne values n1 (); n2 () and n3 (). Given a
load of Li (), ni () is the maximum number of large jobs we
need to rea h a load of Li+1 (), for i = 1; 2; 3.


n1 () = logB L2 () b2 ()m= 2
L1 () b2 ()m= 2
with base B = (1 2 =m)
L ()
n2 () = (L3 () L2 ())=( 2 2
b2 ())
 L () b (m)m= 0 
4
2
2
n3 () = logB
L3 () b2 ()m= 02
with base B 0 = (1 02 =m)
0

Note that (L1 () b2()m= 2 )(1 2 =m) n1 () + b2 ()m= 2 =
L2 (). If we have a load of at least L2 () and a job annot be s heduled on the (k2 + 1)-st smallest ma hine in
A2 's s hedule, then the pro essing time of the job must
be at least 2 L2 ()=m b2 (). Thus after at most n2 ()
large jobs, a load of L3 () is rea hed. Finally (L3 ()
b2 ()m= 02P
)(1 02 =m) n3 () + b2 ()m= 02 = L4 () = L. Let
Ni () = ij =1 dnj ()e, for j = 1; 2; 3. Analyzing the rst
derivatives of the fun tions ni (), 1  i  3, we an show
that N3 () is non-in reasing in . The expression n1 () is
a on ave de reasing fun tion, whereas n2 () and n2 () are
onvex in reasing fun tions. For 0    0:031, the gradient
of n1 () is smaller than 2:3. The sum n2 () + n3 () an
be bounded by a linear fun tion whose gradient is bounded
by 1:8. Thus N3 () is non-in reasing. For   0:031 the
gradient values hanges slightly be ause b1 () is onstant.
Here the gradient of n1 () is smaller than 2:5 and n2 () +
n3 () an be bounded by a linear fun tion whose gradient is
smaller than 0:37. Again, N3 () is non-in reasing. Evaluating the fun tion for  = 0, we nd that N3 (0)  38 m  k2 .
To prove that the total load in A2 's s hedule at time n 1
is at least L, we de ne a non-de reasing fun tion f with
f (N3 ())  L. Claim 1 below states that, at any time t  t2 ,
when exa tly m k2 + i ma hines of A2 are full, 0  i  k2 ,
the load L2 (k2 i; b2 ())  f (i). This shows that when m
ma hines are full Ln 1  L2 (0; b2 ())  f (k2 )  f (N3 ()) 
L.
8
minf(L1 () b2 (2)m )(1 m2 ) i + b2 (2)m ; L2 ()g
>
>
>
for 0  i  N1 ()
>
>
< minfL2 () + (i N1 ())( 2 L2 () b2 ()); L3 ()g
m
f (i) = >
for N1 () < i  N2 ()
>
>
b2 ()m
>
>
)(1 m2 )N2 () i + b2 (2)m ; Lg
>
2
: minf(L3 ()
for N () < i
0

0

0

2

Claim 1. Consider a time t, t  t2 . If exa tly m
k2 + i
ma hines of A2 are full, 0  i  k2 , then L2 (k2 i; b2 ()) 
f (i).

Proof. Suppose that at time t2 exa tly m
k2 + i0 mahines of A2 are full, 0  i0  k2 . Below we will show that
the load of the s hedule satis es L2 (k2 i0 ; b2 ())  f (i0 ).
Given this fa t, we rst prove indu tively that when exa tly m k2 + i ma hines of A2 are full, i  i0 , then
L2 (k2 i; b2 ())  f (i). This establishes the laim.
So suppose that L2 (k2 i; b2 ())  f (i) and onsider the
next s heduling step when another ma hine be omes full.
The job is s heduled on the smallest ma hine while the algorithm would prefer to assign the job to the (k2 +1)-st smallest ma hine be ause A2 's s hedule is riti al after s heduling
step. We distinguish ases depending on the value of i.
Case 1: 0  i < N1 () If the s hedule of A1 is not
balan ed, then A2 sets = 2 Lt =m. Lemma 3 part b) and
the indu tion hypothesis imply
L2 (k2 (i + 1); b2 ())
= L2 (k2 i 1; b2 ())
 (L2 (k2 i; b2 ()) b2 ()m= 2 )=(1 2 =m)
+b2 ()m= 2
 (L1 () b2 ()m= 2 )=(1 2 =m) (i+1) + b2 ()m= 2
 f (i + 1):

If the s hedule of A1 is balan ed, then  2 1 t1 
k1 ma hines of A1
2 L2 () be ause by Lemma 4 at least m
are full and have a load of b1 (). Thus, by Lemma 3 part a),
L2 (k (i +1); b2 ()) L2 (k2 i; b2 ())  2 L2 ()=m b2 ().
We show that f (i + 1) f (i)  2 L2 ()=m b2 (). If
i = N1 () 1, then
f (i + 1) f (i)
 L2 () ((L1 () b2 ()m= 2 )(1 2 =m) N1 ()+1
+b2 ()m= 2 )
 L2 () ((L2 () b2 ()m= 2 )(1 2 =m) + b2 ()m= 2 )
= 2 L2 ()=m b2 ():
If i < N1 () 1, then
f (i + 1) f (i)
 (L1 () b2 ()m= 2 )(1 2 =m) i ((1 2 =m) 1 1)
= (L1 () b2 ()m= 2 )(1 2 =m) (i+1) m2
 ((L1 () b2 ()m= 2 )(1 2 =m) n1 () + b2 ()m= 2
b2 ()m= 2 ) m2
= (L2 () b2 ()m= 2 ) m2
= 2 L2 ()=m b2 ():
Case 2: N1 ()  i < N2 () By indu tion hypothesis we
know L2 (k i; b2 ()) t L2 (). If the s hedule of A1 is not
balan ed, then = 2 L =m  2 L2 ()=m. If the s hedule of
A1 is balan ed, then = 2 1 t1 =m  2 L2 ()=m. Thus
by Lemma 3 part b, L2 (k (i +1); b2 ()) L2(k i; b2 ()) 
b2 ()  2 L2 ()=m b2 () and f (i + 1) f (i) is at most
this value.
Case 3: N2 ()  i By indu tion hypothesis, f (N2 ()) 
L3 (). In ea h of A2 's s heduling steps  02 Lt =m. The indu tive step now follows immediately from Lemma 3 part b).
It remains to show that at time t2 , L2 (k2 i0 ; b2 ()) 
f (i0 ), where m k2 + i0 is the number of full ma hines. By
assumption, the non-full ma hines have an average load of
at least 2 b2 (). Thus the average load on the k2 smallest ma hines is at least (i0 b2 () + (k2 i0 ) 2 b2 ())=k2 =
b2 ()(1+(k2 i0 )( 2 1)=k2 ). The s hedule was not riti al
at time t2 1 and hen e the load on ma hine (2k2 + 1) is
asymptoti ally at least 1= 2 times this value. Thus L2 (k2
i0 ; b2 ())  L2 (k2 ; b2 ()) is at least g (i0 ) where
g (i) =
b2 ()(1 + (k2 i)( 2 1)=k2 )(k2 + (m 2k2 )= 2 )
+k2 b2 ():
We show g(i)  f (i) for all 0  i  k2 . For i = 0 we have
g (0) = b2 ()k2 2 + (m k2 )b2 ()
= b2 ()m(1 + ( 2 1)k2 =m))
= L1 ()
= f (0):
In ea h step the fun tion g in reases by b2 ()(1 2 )(1 +
(m 2k2 )=( 2 k2 )) > 1:2L=m. We show that the fun tion
f in reases by at most this value in ea h step. As shown
in Case 1 above, f (i + 1) f (i)  2 L2 ()=m b2 () 
1:1L=m if i  N1 () 1. The same al ulation holds if
N1 ()  i < N2 (). For i  N2 () we an show as in Case 1,
f (i + 1) f (i)  02 L4 ()=m b2 () and this expression is
bounded by L=m.

4.4 Proof of Main Lemma 2

Due to spa e limitations, we only give a sket h of the
proof. We have to onsider job sequen es leading to s enario (S2). To identify large jobs in the sequen e we need
the following lemmas.
Lemma 7.
a) If 0    0:007, then at time t2 the
average load on the non-full ma hines of A2 is smaller
than 2 (0:916 )L=m.

b) If   0:007, the one of the following statement holds:
(i) at time t1 the average load on the non-full ma hines
of A1 is smaller than (0:416 + 0:416=0:916)L=m; or
(ii) at time t2 the average load on the non-full mahines of A2 is smaller than (0:416 )L=m.
Lemma 8. If at some time t > t1 , the (k1 + 1)-st smallest ma hine of A1 has a load of (0:916 + d)L=m, for some
0:007  d  0:084, and A1 annot s hedule Jt on the mahine with the (k1 + 1)-st smallest load, then pt  (0:5 +
0:5
d) mL .
0:916

Using these two lemmas, the identi ation of large jobs
an be done using the same te hniques as in the proof of
Main Lemma 1. The diÆ ult part of the analysis is to
prove part b) of Lemma 7, where we need arguments not yet
seen in this paper. Consider an  with 0:007    0:084.
The proof is again by ontradi tion. We assume that at
time t1 , the average load on the non-full ma hines of A1
is at least (0:416 + 0:416=0:916)L=m and that at time t2 ,
the average load on the non-full ma hines of A2 is at least
(0:416 )L=m. We show that these assumptions imply a
load of at least L at time n 1.
The global stru ture of the proof is similar to that of
Lemma 6, but the te hni al details di er. Let b1 () =
(0:916 + )L=m and b2 () = maxf0:916 ; 0:885gL=m. Dene  = minf; 0:031g. Note that at  = 0:031, b2 () be omes
onstant. Again we de ne a fun tion f that des ribes the
minimum load in the system when exa tly m k2 + i mahines of A2 are full. Again we need a sequen e of loads
Li (), i = 1; : : : ; 4. In the proof of Lemma 6, L1 () was
the load in the system when exa tly m k2 ma hines of
A2 were full, whi h was also the minimum load in the system when A2 's s hedule was riti al. For sequen es leading to (S2) these two values are di erent. Here L1 () =
b2 () k2  0:5L=m is the minimum load in the system when
exa tly m k2 ma hines are full. The minimum load in the
system when A2 's s hedule is riti al is L2 () = b2 ()m(1 +
( 2 1)k2 =m)). The value L3 () = (m k1 )b1 () 1 is
the minimum load when A1 's s hedule is balan ed. For
 > 0:031 it is suÆ ient to work with the smaller value .
We do not need the load value ( 2 = 02 )L3 () in this analysis.
The main di eren e in the de nitions of the loads is that
L4 () is not the nal value L but a smaller value, i.e. L4 () =
L 0:5d()L=m where d() = d(2:933( 0:007) + 0:0083)me:
It turns out that when m ma hines are full in A2 's s hedule,
the load is not ne essarily L but only L4 () de ned above.
Nonetheless we are able to derive a ontradi tion. The intuition is as follows. At time n 1, the smallest ma hine of
A1 has a higher load than the smallest ma hine of A2 . Thus
during the s heduling pro ess it takes longer to generate full
ma hines in A1 's s hedule. In a typi al situation after time
t2 , when i ma hines of A2 are full, only i d() ma hines
of A1 are full. Thus we get an additional load from jobs

needed to ll all the ma hines of A1 . We an show that the
riti al times satisfy t2  t1 . Lemma 8 then implies that
at any time after t1 when another ma hines of A1 be omes
full, a job of size at least 0:5L=m is s hedules. We obtain a
total load of at least L at times n 1 and have the desired
ontradi tion. This idea an be turned into a formal proof;
details are presented in the full paper.

and the indu tion hypothesis,
Li (l h; b)  Li (l h + 1; b)=(1 =m) b=(1 =m)
= (X bm= )=(1 =m)h + bm= (1 =m)
b=(1 =m)
= (X bm= )=(1 =m)h + bm=
and this on ludes the proof.

5.

Proof of Lemma 4. We onsider a general setting where
we an analyze s enarios (S1) and (S2) simultaneously. Let
 2 [ 0:084; 0:084℄ and set b1 () = (0:916 )L=m and
b2 () = (0:916 + )L=m. For the analysis of s enario (S1),
  0 and for the analysis of s enario (S2),   0. We assume that less than m k1 ma hines are full and derive a
ontradi tion.
We rst analyze the average load 1 () on the k1 smallest
ma hines of A1 at time tb . In the s hedule of A2 , at least
m k2 ma hines are full and the s hedule is riti al. Thus
the total load is at least
b
Lt  (m k2 )b2 () + k2 2 b2 () = (m + ( 2 1)k2 )b2 ():
Sin e the s hedule of A1 is balan ed, the average
load on
the k1 smallest ma hines is at least ( 1 1)Ltb =m, i.e.
1 () = ( 1 1)(1 + ( 2 1)k2 =m)b2 ():
When exa tly m k1 ma hines of A1 are full, the load
L1 (k1 ; b1 ()) of A1 's s hedule is at least equal to L0 () =
(m k1 )b1 () + k1 1 (). For i = 0; : : : ; k1 , de ne
f (i; ) = (C  L0 () b1 ()m= 1 )(1 1 =m) i + b1 ()m= 1 ;
where C = 0:96. In the above de nition of f we s ale the
load L0 (), i.e. we onsider a slightly smaller load.
Let t0 be the last point in time when exa tly m k1 mahines of A1 0are full. If A1 's s hedule is never nonriti al
at time t  t , then the proof is simple. At time t0 we have
L1 (k1 ; b1 ())  L0 () and hen e, by Lemma 3 part b), when
all the m ma hines are full
Ln 1  L1 (k1 k1 ; b1 ()) = L1 (0; b1 ())  f (k1 ; ):
We have
2
f (k1 ; )  (1 m1 )(C  L0 () b1 (1)m )ek1 1 =m + b1 (1)m :
The last term is de reasing in  and, for  = 0:084, it is
stri tly greater than L as m !
1. Thus, if A1 's s hedule is
never non- riti al after time t0 , then we have a ontradi0 tion.
If A1 's s hedule is non- riti al at some time t  t , then
we have to analyze more arefully. Suppose that at time
t1 , exa tly m k1 + i ma hines are full, for some 1  i 
k1 . We show that at this time the load L1 (k1 ; b1 ()) in the
s hedule satis es L1 (k1 ; b1 ())  f (i; ). Lemma 3 part b)
then gives that when all the m ma hines
are full L1 (k1
(k1 i); b1 ())  f (k1 ; ) and hen e Ln 1  L1 (k1 (k1
i); b1 ())  f (k1 ; ) > L. We have again a ontradi tion.
Thus we have to estimate the load L1 (k1 ; b1 ()) at time t1
when exa tly m k1 + i ma hines of A1 are full. Among the
k1 smallest ma hines, i ma hines are full and have a load of
b1 (). Whenever one of the smallest k1 ma hines be omes
full, a job is assigned to the smallest ma hine. Thus the
average load on the non-full ma hines at time t1 annot be
smaller than the average load on the k1 smallest ma hines
at time tb , whi h was 1 (). Hen e at time t1 , the average

APPENDIX

Proof of Lemma 2. Ea h ma hine of Ai , i 2 f1; 2g, has
a load of at least 0:832L=m. Thus the average load on the
ki smallest ma hines is i  0:832L=m. If Ai 's s hedule
were not riti al, then the load on the (2ki + 1)-st smallest ma hine would be at least i = i and the total load on
all ma hines would be at least (m 2ki )i = i + 2ki i =
0:832L + (m 2ki )(1= i 1)0:832L=m > L as m ! 1,
whi h is a ontradi tion. For the proof that A1 's s hedule is
balan ed we simply observe that the load on the k1 smallest
ma hines is at least 0:832k1 L=m  ( 1 1)k1 Lt =m for any
1  t  n.
Proof of Lemma 3. a) Let eki +1 and eki +l be the loads
in ex ess to b on the (ki + 1)-st and the (ki + l)-th smallest ma hines, respe tively. Let l be the total load in the
s hedule not ounted in Li (l; b). When the next ma hine
be omes full, the job to be s heduled has a pro essing time
p with b + eki +1 + p > B , i.e. p + eki +1 > B b. We
show that Li (l 1; b) Li (l; b)  p + eki +1 . The job is
s heduled on the smallest ma hine in the s hedule. The mahines are sorted in order of non-de reasing loads after the
assignment. If the smallest ma hine is among the ki smallest ma hines after the assignment, then p is fully ounted in
Li (l 1; b) and the -value de reases by eki +l  eki +1 when
going from Li (l; b) to Li (l 1; b). Suppose that the smallest ma hine is among the m ki largest ma hines after the
sorting, i.e. its load is b + e for some e > 0. If the ma hine
is among ma hines ki + l; : : : ; m (more formally, among mahines Mi;ki +l ; : : : ; Mi;m ) after the sorting, then p is fully
ounted in Li (l 1; b) and the -value drops by eki +1 when
moving from Li (l; b) to Li (l 1; b). If the smallest ma hine
is among ma hines ki +1; : : : ; k + l 1 after the sorting, then
the -value drops by eki+1 during the sorting, an amount of
e is not ounted in the pro essing time of p but the -value
drops by ek+l  e when making the transition from Li (l; b)
to Li (l 1; b).
b) We prove the statement by indu tion on h. For h = 0
there is nothing to show. Assume that the statement holds
for h 1. Consider the point in time when the (m j + h)-th
ma hine be omes full and let eki +1 be the load above level b
on the (ki + 1)-st smallest ma hine. Let p be the pro essing
time of the new job. Algorithm Ai would prefer to assign the
job to the (ki + 1)-st smallest ma hine be ause the s hedule
is riti al. Sin e this is impossible b + eki +1 + p > B , i.e.
eki +1 + p > B b. The value B is at least times the average
load on the ma hines after the s heduling step, whi h means

B




(Li (l h + 1; b) + eki +1 + p)
h + 1; b) + B b):
m (Li (l
m

Algebrai manipulations give B  m (Li (l h+1; b) b)=(1
m ) and B b  ( m Li (l h +1; b) b)=(1
m ). Using part a)

load on the k1 smallest ma hines is at least (ib1 () + (k1
i)1 ())=k1 . The load on ea h of the largest m 2k1 largest
ma hines is asymptoti ally at least 1= 1 times this value.
Thus at time t1 we have L1 (k1 ; b1 ())  g(i; ), where
g (i; ) = (ib1 () + (k1 i)1 ())(1 + (m 2k1 )=(k1 1 ))
+k1 b1 ():
We show that for any xed , g(i; )  f (i; ). This establishes L1 (k1 ; b1 ())  f (i; ).
Both f and g are in reasing in i; f grows exponentially
while g grows linearly. If we an show that, for any xed ,
the boundary values satisfy g(0; )  f (0; ) and g(k1 ; ) 
f (k1 ; ), then g (i; )  f (i; ) holds for all i. The rst inequality is easy to prove. Obviously f (0; )  CL0 () and
g (0; ) = k1 1 ()(1 + (m 2k1 )=(k1 1 )) + k1 b1 ()
= k1 1 () + 1 ()(m 2k1 )= 1 + k1 b1 ()
> C ((m k1 )b1 () + k1 1 ())
= CL0 ():
For i = k1 ,
f (k1 ; ) = (C  L0 () b1 ()m= 1 )(1 1 =m) k1 + b1 ()m= 1

and

g (k1 ; ) = 2k1 b1 () + (m 2k1 )b1 ()= 1 :
Both fun tions are linear in . Thus, to establish g(k1 ; ) 
f (k1 ; ) for all , it suÆ es to he k the boundary values
 = 0:084 and  = 0:084. We have g (k1 ; 0:084) > 1:21L,
f (k1 ; 0:084) < 1:05L, as well as g (k1 ; 0:084) > 1:01L,
f (k1 ; 0:084) < 1:01L as m ! 1.
Proof of Lemma 5.

We rst investigate the ase that

A1 's s hedule is not balan ed, whi h implies that = 2 Lt =m
in the s heduling step. Let l2t ;k12 +1 = (0:885 + d)L=m, for
some d > 0, be the a tual load on the (k2 +1)-st smallest mahine of A2 immediately before Jt is s heduled. Ea h of the
largest m k2 ma hines has a load of at least (0:885+d)L=m.
A2 's s hedule is riti al and thus the average load on the k2
smallest ma hines is at least 2 (0:885 + d)L=m. Therefore
Lt  (m k2 )(0:885 + d)L=m + k2 2 (0:885 + d)L=m
= (0:885 + d)(1 + ( 2 1)k2 =m)L:
Job Jt annot be pla ed ton1 the (k2 + 1)-st smallest mahine, whi h implies pt + l2;k2 +1 > 2 Lt =m and hen e pt >
t
l2t ;k12 +1 . Thus
2 L =m

1)k2 =m)L=m 0:885L=m
2 0:885(1 + ( 2
+ 2 d(1 + ( 2 1)k2 =m)L=m dL=m
:5
> (0:5 + 0:58d)L=m > (0:5 + 00:916
d)L=m:
The desired statement follows
be ause in s enario (S1) d  
and in s enario (S2) d  0 .
Next we study the ase that A1 's s hedule is balan ed. To
analyze sequen es leading to (S1) and (S2) simultanously,
we onsider a more general setting. Let  2 [ 0:084; 0:084℄
and set b1 () = maxf0:916 ; 0:885gL=m and b2 () =
maxf0:916 + ; 0:885gL=m. For the analysis of of (S1) we
have   0 and for the analysis of (S2) we have   0. We set
0 = 0 in s enario (S1). The s hedule of A1 is balan ed and
hen e by Lemma 4 at least m k1 ma hines of A1 are full, i.e.
they have a load of at least b1 (). Thus t1  b1 ()(m k1 ).
pt >

If A2 annot s hedule Jt on the ma hine with the (k2 +1)-st
smallest load, then l2t ;k1+1 + pt > , where = 2 1 t1 =m.
Thus pt > 2 1 t=m l2t ;k12 +1 . The load on the (k2 + 1)-st
smallest ma hine of A2 is bounded by
l2max
k2 b2 () k2 0 L=m)=(m k2 )
;k2 +1 = (L
sin e otherwise the total load at time n 1 were greater than
0
(m k2 )l2max
;k2 +1 + k2 (b2 () +  L=m) = L: Hen e
pt > 2 1 b1 ()(m k1 )=m
(L k2 b2 () k2 0 L=m)=(m k2 ):
The last expression is de reasing in  in the range 0:084 
  0:031 and in reasing for   0:031. Therefore, we evaluate the expression
for  = 0:031. For  = 0:031 we obtain
:5
pt > (0:58 + 0:60 )L=m. In any ase pt > (0:5 + 00:916
jj +
0
0:5

)
L=m
for
all

2
[
0
:
084
;
0
:
084℄.
0:916
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