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Definition 2 A crucial ingredient for the design and analysis of approximation

An Integer Linear Program or Integer Program is a Linear algorithms is a technique to obtain an upper bound (for
Program in which all variables are required to be integral. maximization problems) or a lower bound (for minimization
problems).
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Definition 2
An Integer Linear Program or Integer Program is a Linear
Program in which all variables are required to be integral.

Definition 3
A Mixed Integer Program is a Linear Program in which a subset
of the variables are required to be integral.
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Definition 2

Many important combinatorial optimization problems can be An Integer Linear Program or Integer Program is a Linear
formulated in the form of an Integer Program. Program in which all variables are required to be integral.
Definition 3

A Mixed Integer Program is a Linear Program in which a subset
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Many important combinatorial optimization problems can be
formulated in the form of an Integer Program.

Note that solving Integer Programs in general is
NP-complete!
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Set Cover

Given a ground set U, a collection of subsets S1,...,S5y < U,
where the i-th subset S; has weight/cost w;. Find a collection
I <{1,...,k} such that

Many important combinatorial optimization problems can be
formulated in the form of an Integer Program.

Note that solving Integer Programs in general is

YueU3diel: ues; (every element is covered)
NP-complete!

and
Z w; is minimized.
iel
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Set Cover

Set Cover

Given a ground set U, a collection of subsets Sy,...,Sx € U,
where the i-th subset S; has weight/cost w;. Find a collection
I<{1,...,k} such that

YueU3iel: uesS; (every element is covered)
and

Z w; is minimized.
iel
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Set Cover Set Cover

g . . Given a ground set U, a collection of subsets Sy,...,Sx € U,
e le where the i-th subset S; has weight/cost w;. Find a collection
. . n Ic{l,...,k} such that
. ' . YVueU3diel: ues; (every element is covered)

L] ()

. . and
c | E > w; is minimized.
- icl
.:. :. L]
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Set Cover Set Cover

¢ ° %o ° © o * e e e Given a ground set U, a collection of subsets S1,...,S; < U,
I B 0O . . L where the i-th subset S; has weight/cost w;. Find a collection
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Set Cover

Given a ground set U, a collection of subsets Sy, ..

.,Sk c U,

where the i-th subset S; has weight/cost w;. Find a collection
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Given a ground set U, a collection of subsets Sy, ..
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Set Cover

Given a ground set U, a collection of subsets Sy,...,Sy € U,
where the i-th subset S; has weight/cost w;. Find a collection
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Given a ground set U, a collection of subsets Sy, ..

.,Sk c U,

where the i-th subset S; has weight/cost w;. Find a collection

I<{1,...,k} such that
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Given a ground set U, a collection of subsets Sy, ..

.,Sk c U,

where the i-th subset S; has weight/cost w;. Find a collection
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YueU3iel: uesS; (every element is covered)

and

Harald Racke

12 Integer Programs

EADS Il

280/575 Harald Racke

Z w; is minimized.

12 Integer Programs

279



Set Cover

oo O
o L] L] Ld L]
. . . . 0
LN L] L]
) ) ) oo . .
. . oo e 0 . . .
o o 3 o o
. .
o o . .
o . [ L] o o ]
oo oo 0 . . . oo
L] . . (o] . .
0 . 0
e o o . . 0 0 .
L] L] Ld LJ
0 ) o o 0 .
) 0 . .
Ld L LIS LN ] L]
o eoole . LX) . e o
| ooo . . .
. oo . )
. . . . LX) oo
L] L] L] L] L] L]
. ) . . ) . .
. . o o o |o oo .
oo o o oo ) ) . )

Set Cover

Given a ground set U, a collection of subsets Sy, ..

.,Sk c U,

where the i-th subset S; has weight/cost w;. Find a collection

I<{1,...,k} such that

YueU3iel: uesS; (every element is covered)

and

Harald Racke

12 Integer Programs

EADS Il

280/575 Harald Racke

Z w; is minimized.

12 Integer Programs

279



Set Cover Set Cover

. ° o e . o o ‘ l.oo ¢
= ° %o ° © o © o o B Given a ground set U, a collection of subsets S1,...,S, < U,
s .- | P O . * |, where the i-th subset S; has weight/cost w;. Find a collection
o.o . ° ° . . Ig{l,,k} such that
:'. . * . * . . . :. D . * . YueU3iel: uesS; (every element is covered)
L] L] L] LJ L]
.. .. o0 0 :. * L] (] and
* b :' e . . . : . > w; is minimized.
.. . L[] < : L] .... . LN ] . N 161

‘m EADS Il 12 Integer Programs EADS Il 12 Integer Programs
Harald Racke 280/575 Harald Racke



IP-Formulation of Set Cover

min
Ss.t.

D WiXi
VueU Xiyes Xi

Vie{l,... k}
Vie{l,..., k}

Xi
Xi

>
=

integral
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Vertex Cover IP-Formulation of Set Cover

Given a graph G = (V,E) and a weight w,, for every node. Find a min 2 WiXi

vertex subset S < V of minimum weight such that every edge is S ‘ VueU Ziyes, Xi =

incident to at least one vertex in S. Vie{l,...,k} Xi >
Vie{l,...,k} x; integral
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IP-Formulation of Vertex Cover

mll’l ZUEV ‘vav
st. Ve=(i,j) €E Xi + Xj
YvevVv Xv

\

m

{0,1}
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Vertex Cover

Given a graph G = (V,E) and a weight w,, for every node. Find a
vertex subset S < V of minimum weight such that every edge is
incident to at least one vertex in S.
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Maximum Weighted Matching

Given a graph G = (V,E), and a weight w, for every edge e € E.
Find a subset of edges of maximum weight such that no vertex

is incident to more than one edge.
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IP-Formulation of Vertex Cover

min Dvev WuXy
st. Ve=(i,j) €E xXi+x; = 1
Vvev xy € {0,1}
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Maximum Weighted Matching

Given a graph G = (V,E), and a weight w, for every edge e € E.
Find a subset of edges of maximum weight such that no vertex

is incident to more than one edge.

max
s.t.

D ecE WeXe
Vv eV DiceXe
Ve € E Xe

< 1

e {0,1}
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IP-Formulation of Vertex Cover

min Dvev WuXy
st. Ve=(i,j) €E xXi+x; = 1
Vvev xy € {0,1}
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Maximum Independent Set

Given a graph G = (V, E), and a weight w,, for every node v € V.
Find a subset S < V of nodes of maximum weight such that no
two vertices in S are adjacent.
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Maximum Weighted Matching

Given a graph G = (V,E), and a weight w, for every edge e € E.

Find a subset of edges of maximum weight such that no vertex
is incident to more than one edge.

max D ecE WeXe
st. YveV DoiceXe =< 1
Ve e E x. € {0,1}
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Maximum Independent Set

Given a graph G = (V, E), and a weight w,, for every node v € V.

Find a subset S < V of nodes of maximum weight such that no

two vertices in S are adjacent.

max > vey WyXy
s.t. Ve=(i,j) €E Xi+ Xj
VveV Xy

<

E

1
{0,1}

jjTLHTTU EADS Il 12 Integer Programs
Harald Racke

285/575

Maximum Weighted Matching

Given a graph G = (V,E), and a weight w, for every edge e € E.

Find a subset of edges of maximum weight such that no vertex
is incident to more than one edge.

max D ecE WeXe
st. YveV DoiceXe =< 1
Ve e E x. € {0,1}
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Knapsack

Given a set of items {1,...,n}, where the i-th item has weight
wj and profit p;, and given a threshold K. Find a subset

I < {1,...,n} of items of total weight at most K such that the
profit is maximized.
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Maximum Independent Set

Given a graph G = (V, E), and a weight w,, for every node v € V.

Find a subset S < V of nodes of maximum weight such that no
two vertices in S are adjacent.

max 2vev WuXy
s.t. Ve=(i,j) €E xi+x; < 1
YvevVv xy € {0,1}
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Knapsack

Given a set of items {1,...,n}, where the i-th item has weight
wj and profit p;, and given a threshold K. Find a subset
I < {1,...,n} of items of total weight at most K such that the

profit is maximized.

max ?:1 pPiXi
s.t. Stiwixi < K
Vie{l,...,n} x; € {0,1}
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Maximum Independent Set

Given a graph G = (V, E), and a weight w,, for every node v € V.

Find a subset S < V of nodes of maximum weight such that no

two vertices in S are adjacent.

max >vey WyXy
s.t. Ve=(i,j) €E Xi+ Xj
VveV Xv

< 1

e {0,1}
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Relaxations

Definition 4

A linear program LP is a relaxation of an integer program IP if
any feasible solution for IP is also feasible for LP and if the
objective values of these solutions are identical in both
programs.
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Knapsack

Given a set of items {1,...,n}, where the i-th item has weight
w; and profit p;, and given a threshold K. Find a subset

I < {1,...,n} of items of total weight at most K such that the
profit is maximized.

n
max i=1 PiXi
s.t. Stiwix; < K
Vie{l,...,n} x; € {0,1}
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Relaxations

Definition 4

A linear program LP is a of an integer program IP if
any feasible solution for IP is also feasible for LP and if the
objective values of these solutions are identical in both
programs.

We obtain a relaxation for all examples by writing x; € [0, 1]
instead of x; € {0, 1}.
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Relaxations

Definition 4
By solving a relaxation we obtain an upper bound for a A linear program LP is a of an integer program IP if
maximization problem and a lower bound for a minimization any feasible solution for IP is also feasible for LP and if the
problem. objective values of these solutions are identical in both
programs.

We obtain a relaxation for all examples by writing x; € [0, 1]
instead of x; € {0,1}.
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Relations

Maximization Problems:

IOPT(DUAL) |

| FEASIBLE(DUAL) |

L !

Minimization Problems:

| FEASIBLE(DUAL) | \ OPT(DUAL) \

T

0 O \l; O O O
OPT(LP) OPT(IP)
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By solving a relaxation we obtain an upper bound for a
maximization problem and a lower bound for a minimization
problem.
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